All one-loop renormalization constants for Non-Abelian gauge theory are computed in details by using the symmetry-preserving Loop Regularization method proposed in [1, 2] . The resulting renormalization constants are manifestly shown to satisfy Ward-Takahaski-Slavnov-Taylor identities, and lead to the well-known one loop β function for Non-Abelian gauge theory of QCD [3] . The loop regularization method is realized in the dimension of original field theories, it maintains not only symmetries but also divergent behaviors of original field theories with the introduction of two energy scales. Such two scales play the roles of characterizing and sliding energy scales as well as ultraviolet and infrared cutoff energy scales. An explicit Check of those identities provides a clear demonstration how the symmetry-preserving Loop Regularization method can consistently be applied to non-Abelian gauge theories.
I. INTRODUCTION
It is known that quantum field theories (QFTs) can not be defined by the straightforward perturbative expansion because of the ultraviolet (UV) divergences. In order to make meaningful for QFTs, it is necessary to remove infinities from perturbative calculations by renormalizing the fields, masses, and coupling constants. A successful renormalization of QFT was firstly realized in 1940s by Tomonaga [4] , Schwinger [5] , Feynman [6] and Dyson [7] for the case of QED, while it took until the early of 1970s when Wilson [8] gave it full physical meaning on QFTs.
The first step before renormalization is to modify the behavior of field theory at very large momentum so that all Feynman diagrams become well-defined finite quantities. This procedure is usually called regularization. The most important properties needed for a good regularization method are that it must preserve all symmetries of original field theories and meantime maintain the divergent behavior of original Feynman integrals. In fact, many regularization and renormalization methods have been proposed in the last several decades such as: cut-off regularization [9] , Pauli-Villars regularization [10] , Schwinger's proper time regularization [11] , dimensional regularization [12] , lattice regularization [13] , constrained differential renormalization [14] and so on. As discussed in [1, 2] , each of them has its advantage in applying to different situations. Up to now, there exists no single regularization which is suitable to all purposes in QFTs. In refs. [1, 2] , a new symmetry-preserving loop regularization(LR) was introduced to meet the request mentioned above. The key concept in such a new regularization method is the introduction of irreducible loop integrals(ILIs) [1, 2] which are evaluated from Feynman integrals. The gauge symmetry requires a set of necessary and sufficient conditions called consistency conditions [1] which are held between the regularized tensor type ILIs and scalar type ILIs. The loop regularization method was realized to satisfy those consistency conditions [1, 2] in the existence of two energy scales. We shall give a brief introduction for the loop regularization below. For more details on the loop regularization including motivations and concrete computation methods as well as general properties, we refer the original papers [1, 2] to readers. Some interesting applications of this new method have been investigated in [15, 16, 17] . This paper is devoted to explicitly demonstrate how the loop regularization preserves non-Abelian gauge symmetry by evaluating all the renormalization constants at one loop level and verifying the Ward-Takahaski-Slavnov-Taylor identities among the renormalization constants. The paper is organized as follows: in section II, we shape the gauge symmetry into the well-known Ward-Takahaski-Slavnov-Taylor identities, and give the conditions that the renormalization constants must satisfy. In section III, we briefly outline the LR method. In section IV, we explicitly evaluate all the one-loop divergent Feynman diagrams to yield all the renormalization constants of non-Abelian gauge theory by using the loop regularization method, and derive the well-known β function [3] once checking manifestly the Ward-Takahaski-Slavnov-Taylor identities among the obtained renormalization constants. The results are found to be consistent with those obtained via the dimensional regularization as the quadratic divergent parts cancel each other due to gauge symmetry. The conclusions and remarks are presented in the last section.
II. RENORMALIZATION OF GAUGE THEORY AND WARD-TAKAHASKI-SLAVNOV-TAYLOR IDENTITIES
The lagrangian of gauge theory with Dirac spinor fields ψ n (n = 1, ..., N f ) interacting with gauge field A a µ (a = 1, ..., d G ) is:
where:
According to the Faddeev-Popov [18] quantization method, some ghost fields are necessary to be introduced when fixing a gauge. In the covariant gauge, the lagrangian has the following form:
The corresponding Feynman Rules for this lagrangian are presented in App.B. All one loop Feynman diagrams are shown below (for simplicity, the permutation graphs are omitted):
(1b) (1a) (1d) (1c) Though all loop diagrams contain divergent integrals, it was proved that gauge theories are renormalizable [19, 20, 21, 22, 23] . To remove the divergence, it is necessary to renormalize the theory by rescaling the fields and redefining the masses and coupling constant. This procedure is equivalent to the introduction of some counterterms to the Lagrangian 
There is a more intuitive method to yield the relations among the renormalization constants. In fact, the gauge independence and the unitarity of the renormalized S matrix require that the gauge symmetry must be maintained after renormalization [27] , which means that the renormalization constants of g obtained from each vertex renormalization must be the same. From such a requirement, one can arrive at above identities. The two-, three-and four-point renormalization constants were evaluated in refs. [30, 31] by using the dimensional regularization. For completeness, we shall perform in this note a detailed calculation for all two-, three-and four-point renormalization constants by using the loop regularization method. As our calculations for the renormalization constants are carried out only at one loop level, which does not involve the renormalization scheme dependence, so we shall not discuss in this note the relevant issues. A detailed discussion on the renormalization scheme prescription in loop regularization will be considered elsewhere.
III. BRIEF INTRODUCTION TO LOOP REGULARIZATION METHOD
In this section we shall briefly introduce the loop regularization method. For our current consideration, we demonstrate only the one loop case. The key concept of the loop regularization is the introduction of irreducible loop integrals (ILIs). It has been shown in [1, 2] that by adopting the Feynman parameterization method with appropriately shifting the integration variables, all one loop Feynman integrals can be expressed in terms of the following 1-fold ILIs:
Here M 2 is in general a function of the external momenta p i , the masses of particles m i and the Feynman parameters. Where I 2 and I 0 are corresponding to the quadratic and logarithmic divergent integrals.
To maintain the gauge invariance, the regularized 1-fold ILIs should satisfy a set of consistency conditions [1, 2] :
where the superscript "R" denotes the regularized ILIs. A simple prescription of loop regularization [1, 2] was realized to ensure the above consistency conditions. The procedure is: Rotating to the four dimensional Euclidean space of momentum, replacing in the ILIs the loop integrating variable k 2 and the loop integrating measure d 4 k by the corresponding regularized ones [
where M 
The coefficients c N l are chosen to satisfy the following conditions:
One can easily verify that the following set is the simplest solution of the above conditions:
Here M R may be regarded as a basic mass scale of loop regulator and the notation lim N,M 2 l stands for the limit lim N,M 2 R →∞ . It has been shown in [2] that the above regularization prescription can be understood in terms of 
By comparing the above results with the ones obtained by naive cutoff regularizaton, it is easily seen that the µ s sets an IR 'cutoff' at M 2 = 0 and M c provides an UV 'cutoff'. For renormalizable quantum field theories, M c can be taken to be infinity (M c → ∞). In a theory without infrared divergence, µ s can safely run to µ s = 0. Actually, in the case that M c → ∞ and µ s = 0, one recovers the initial integral. Also once M R and N are taken to be infinity, the regularized theory becomes independent of the regularization prescription. These are main properties needed for a proper regularization. For a detailed description and an explicit treatment for higher loop Feynman integrals, it is referred to the original paper on loop regularization [1, 2] . Note that to evaluate the ILIs, the algebraic computing for multi γ matrices involving loop momentum k / such as k /γ µ k / should be carried out to be expressed in terms of the independent components: γ µ , σ µν , γ 5 γ µ , γ 5 .
It is known that in all the regularization schemes, there is an important issue that for a divergent integral it is in general not appropriate to shift the integration variable. In the loop regularization method we have actually shifted the integration variables before taking the regularization prescription, one may doubt wether such a treatment is well justified. The answer is yes. In fact, we can take the loop regularization prescription before shifting the integration variables, and the results are the same as what we get when shifting the integration variables first. For an illustration, let us examine a simple logarithmic divergent Feynman integral:
Following the standard process of the loop regularization method, the first step is to apply the general Feynman parameter formula
to the Feyman integral. For the above Feynman integral, we then obtain the following integral
with
When shifting the integration variable, we arrive at the standard scalar type ILI
By making Wick rotation and applying the loop regularization prescription to such an integral, we then obtain the regularized Feynman integral
Alternatively, one can also apply for the regularization prescription before shifting the integration variable, i.e.,
which becomes a well defined integral, so that we can safely shift the integration variable:
which explicitly shown that in loop regularization method, one can safely shift the integration variables and express all the Feynman integrals in terms of ILIs before applying for the regularization prescription. In fact, it was found from the calculation of triangle anomaly that even for the linear divergent integral, only when firstly making a shift of integral variable, which then allows one to eliminate the ambiguities and leads to a consistent result. The reason is simple that loop regularization is translational invariant.
IV. CHECKING WARD-TAKAHASKI-SLAVNOV-TAYLOR IDENTITIES WITH EXPLICIT CALCULATIONS OF RENORMALIZATION CONSTANTS AND β FUNCTION
With the above analyzes, we are in the position to calculate the renormalization constants of Non-Abelian gauge theory at one loop level by using the loop regularization method. More details can be found in Appendix C where we evaluate all the one-loop divergent diagrams in terms of the explicit forms of ILIs.
A.
Renormalization constant for fermion fields strength
As there is only one diagram which contributes the one-loop renormalization for the fermion fields strength, the divergent part of this diagram has been evaluated in detail in the Appendix C and explicitly given in terms of the ILIs. Here we only write down the regularized divergent part for the purpose of defining the relevant renormalization constant
The explicit form of I R 0 is given in loop regularization by the following form
The next step is to introduce appropriate renormalization conditions to make a suitable subtraction. Namely we shall find a prescription to divide the Feynman integral into divergent part and finite part, and cancel the divergent part by the counterterms. Such a prescription will fix the renormalization constants uniquely. Many different ways to introduce the renormalization conditions have been put forward in literature, they are referred as various renormalization schemes, such as: On-Shell renormalization scheme, Momentum Subtraction scheme, Minimal Subtraction scheme, and so on. Different renormalization schemes will lead to different definitions of the renormalized parameters. Nevertheless, the physics content of the theory, i.e. the renormalized S matrix elements, should not depend on the choices of renormalization schemes [28] .
As is well-known, no matter under which renormalization schemes, it is inevitable to involve a mass dimensional parameter into the original theory, even though the original theory contains only dimensionless parameters. For example, in Momentum Subtraction scheme, one needs set the reference momentum point for subtraction, and in Minimal Subtraction scheme one has to introduce a mass dimensional parameter µ. In fact, this is the essential reason of the dimension transmutation [29] . Any choice for the involved parameter is as good as any other, the physics should be invariant under the transformations which merely change this parameter. This is actually the consequence of renormalization group. Such a mass dimensional parameter plays the role of physically interesting sliding energy scale.
To remove the infinities, it needs to specify the subtraction scheme. In the loop regularization method, we may adopt, for simplicity, a subtraction scheme similar to the Modified Minimal Subtraction scheme in dimensional regularization. Notice that the arbitrary mass parameter µ s plays the role of the sliding energy scale, one may rewrite I B. Renormalization constant for gluon fields strength Four diagrams can contribute to the A a µ 's renormalization as shown in Fig.1 . These four diagrams have explicitly been evaluated in [1, 2] with the result:
where I R 0 is the renormalized divergent ILIs and given by Eq.25 in the loop regularization. Thus the purely renormalized divergent term turns out to have the following form:
The above divergent term can be canceled by introducing the counterterm
with the renormalization constant z 3
C. Ghost self-energy diagram and renormalization of ghost fields
There is only one diagram ( fig.3 ) which contributes to the one-loop renormalization for the ghost fields strength. The divergent part of this diagram is evaluated in the Appendix C and reads in terms of the renormalized divergent ILIs as follows
Using Eq. (25) and noticing that the subtracting divergent term
is independent of the Feynman parameter x, we have
The counterterm should satisfy the condition
which leads the renormaliztion constantz 3 to bẽ
Two kind of diagrams including their permutation ( fig.4 ) contribute to the one-loop renormalization for the fermiongluon vertex. They are explicitly evaluated in the Appendix C, the divergent parts are given in terms of the renormalized divergent ILIs as follows
The corresponding subtracting divergent terms are found to be
The total contribution is given
From the renormaliztion condition (z 1F − 1)igT a γ µ + L(4) aR µ;div = 0, the renormalization constant z 1F reads:
E. Ghost-gluon vertex renormalization
For the one-loop renormalization of three-gluon vertex, there are two diagrams including their permutation ( fig.5 ). Their explicit evaluation is presented in the Appendix C. The divergent parts are given in terms of the renormalized divergent ILIs as follows
The corresponding subtracting divergent terms are given by integrating over Feynman parameters
with the final result
From the renormalization condition (
acb µ;div = 0, the renormalization constantz 1 is given by:
F. Three-gluon vertex renormalization
Four loop diagrams including their permutation graphs will contribute to the one-loop renormalization of three-gluon vertex. More detailed evaluation is presented in the Appendix C, the divergent parts in terms of the renormalized divergent ILIs read
+permutation graphs
The corresponding subtracting divergent terms are simply obtained by integrating over the Feynman parameters
with the total result being given by summing over the four diagrams including their permutation graphs
Using the renormalization condition
we obtain the renormalization constant z 1 in Feynman gauge ξ = 1 to be
The evaluation in the ξ gauge is rather length, the result is
G. Four-gluon vertex renormalization
We finally consider the four-gluon vertex renormalization, there are five loop diagrams which contribute to its renormalizaion. The detailed evaluation can be found in the Appendix C, we present here only the divergent parts in terms of the renormalized divergent ILIs
The corresponding subtracting divergent terms are yielded by integrating over the Feynman parameters 
with F abcd ≡f aef f bf g f cgh f dhe . By adding those five diagrams together, we have 
By applying for the renormalization condition
we then obtain in the Feyman gauge ξ = 1 the renormalization constant z 4
A similar but length evaluation in the ξ gauge leads to the result
H. Ward-Takahaski-Slavnov-Taylor identities and β function
We shall summarize all the renormalization constants in this section to check Ward-Takahaski-Slavnov-Taylor identities and calculate β function. All the results are listed as below:
which leads to the gauge independent renormalization constant for the gauge coupling constant g = z
In the loop regularization method, the energy scale µ s plays the role of the sliding energy scale. According to the definition of β function, we obtain the one-loop β function:
which agrees with the well-known result obtained by using dimesional regularization. It is noticed that a simple corresponding for the logarithmic divergences between the loop regularization method and dimensional regularization scheme is
with ε → 0 and M c → ∞.
V. CONCLUSION
We have performed a complete calculation for all one loop diagrams of non-Abelian gauge theory by using the loop regularization method [1, 2] and provided an explicit check for the consistency of loop regularization method from the Ward-Takahaski-Slavnov-Taylor identities satisfied among the renormalization constants. It has been shown that the loop regularization method can lead to a consistent β function.
From above explicit calculations, the conclusions stated in [1, 2] become manifest that the loop regularization method preserves not only non-Abelian gauge symmetry, but also Lorentz and translational symmetries though the existence of two energy scales M c and µ s introduced intrinsically in this method. As the scales M c and µ s play the role of ultraviolet divergent cutoff and infrared divergent cutoff respectively, the loop regularization method can deal with both the ultraviolet and infrared divergences. The existence of two energy scales also makes the loop regularization to maintain the divergent behavior of original theories, while the quadratic divergences in gauge theories are found to cancel each other as the loop regularization preserves gauge symmetry. Thus both loop regularization and dimensional regularization lead to the same renormalization constants for gauge theories with making a simple replacement between ln M c /µ s and 1/ε. The possible distinguishable properties between loop regularization and dimensional regularization may occur for treating chiral field theories with anomaly action concerning the γ 5 matrix [16, 17] , and for deriving effective field theories with dynamically generated spontaneous symmetry breaking [15] as well as for applying to supersymmetric theories involving the exact dimension [32] . Finally, we would like to point out that the renormalization scheme dependence is not involved in our present consideration as our computation for the renormalization constants is only at the one loop level and our focus in this note is mainly on the check of Ward-Takahaski-Slavnov-Taylor identities among the renormalization constants. It is interesting to see that the loop regularization method generally allows one to make on-shell renormalization prescription due to the existence of the energy scale µ s which plays the role of infrared cutoff and sliding energy scale, such a feature may provide a practical way for reducing the renormalization scheme dependence, which is worthwhile to be further investigated elsewhere.
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APPENDIX A: SOME USEFUL FORMULAE OF COMPACT SIMPLE LIE GROUP
In this appendix, we shall present some useful formulae about the structure constants and the traces of the representation matrices for Lie group.
For compact simple Lie group, one can choose the killing form of group to be in proportion to a unit matrix, then the Lie algebras satisfy the following identities:
where
is completely antisymmetric, and T a are group generators in fundamental representation. Using the above relations, one can easily prove the following relations:
APPENDIX C: CALCULATION OF RENORMALIZATION CONSTANTS IN LOOP REGULARIZATION
fermion self-energy diagram
There is only one diagram which contribute to the one-loop renormalization for the fermion fields strength as shown in Fig.2 .
Following the Feynman rules given in Appendix B, we write down the Feynman integral corresponding to this diagram (for simplification we will ignore the iǫ prescription in the propagators throughout this paper, this dose not make any confusion if we keep the prescription in mind):
we now apply the Feynman parameter method to the denominators in the integral in order to squeeze those denominator factors into a single quadratic polynomial in k. Then we can get:
where we have shifted the integrating variable by a constant to complete the square in the denominators and have introduced the notation M
Then the divergent part can be extracted to be:
It is seen that the Feynman integral can be expressed in terms of 1-fold ILIs I 0 and I µν 0 . To regularize this Feynman integral we only need apply the loop regularization prescription to the relevant ILIs. We mention that the explicit forms of all the regularized ILIs have been worked out in [1, 2] , what we need here is to use the relation for the regularized ILIs: I 
L(2)
R div = (−g 2 C 2 ) 1 0 dx 1 {[x 1 (3x 1 − 4)(ξ − 1) − 2x 1 ]p / + [2x 1 (ξ − 1) + 4]m}I R 0 (C4)
gluon self-energy diagram
There are four gluon self-energy diagrams as shown in Fig.1 , which have been evaluated in [1, 2] , the results read:
There is only one diagram which contributes to the one-loop renormalization of the ghost fields strength as shown in Fig.3 .
] (C6) where we have introduced the notation M 2 3 = −x(1 − x)p 2 . Thus the divergent part can be found to be:
Applying for the relation I 
fermion-gluon vertex renormalization
Two diagrams including their permutation can contribute to the one-loop renormalization of fermion-gluon vertex. Let's begin with the calculation for Fig.4a .
with definition:
, and the divergent part is found to be:
By adopting the relation
The second diagram (Fig.4b ) that contributes to the fermion-gluon vertex has the following form
Introducing the notation M
, the divergent part can be written down as follows:
Using the relations I R 0 , the divergent parts can be simplified to be
ghost-gluon vertex renormalization
There are two diagrams which contribute to the one-loop renormalization of the ghost-gluon vertex. Let's consider the first diagram (Fig.5a) µ, a
Taking the notation M
with the relation
We now evaluate the second diagram ( fig.5b ) which contributes to the ghost-gluon vertex as:
, the divergent part can be expressed as:
three-gluon vertex renormalization
Four diagrams including their permutation graphs can contribute to the one-loop renormalization of three-gluon vertex, let's evaluate each of them. We begin with the first graph (Fig.6a ) which is calculated via the following form
. The divergent part is given by
with the relation I 
The second diagram (Fig.6b) has the following form
. The divergent part is found to be
Taking the relation I 
The third diagram (Fig.6c) is given by
. The divergent part reads:
After adopting the relation
, we arrive at the following result:
} (C28) Similarly, the fourth diagram (Fig.6d) is given: 
+permutation graphs +permutation graphs (C30)
four-gluon vertex renormalization
There are five diagrams which can contribute to four-gluon vertex renormalizaion. The first one (Fig.7a ) is given by: 
L(7a)
its divergent part reads: 
and we have used in the last step the identities:
Taking the relations 
The second diagram (Fig.7b ) is given by:
with M 7b = (x 1 − x 2 )(x 1 − x 2 − 1)k 
